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Abstract This article presents numerical implementation of the approach proposed
in the previous study (Identification of the unknown diffusion coefficient in ion trans-
port problem. I. The theory, Math. Chem. (2009) (submitted)) for the coefficient inverse
problems related to linear diffusion equation in chronoamperometry. The coarse-fine
grid algorithm is used for determination of the unknown diffusion coefficient D(x)
in the linear parabolic equation ut = (D(x)ux )x from the measured output data (left
flux). The main distinguished feature of the implemented algorithm is the use of a
fine grid for the numerical solution of well-posed forward and backward parabolic
problems, and a coarse grid for the interpolation of the unknown diffusion coefficient
D(x). The nodal values of the unknown coefficient on the coarse grid are recovered
sequentially, solving on each step of the coarse grid iteration algorithm the well-posed
forward, and the sequence of backward pababolic problems. This guarantees a com-
promise between the accuracy and stability of the solution of the considered inverse
problem. An efficiency and applicability of the proposed approach is demonstrated on
various numerical examples with noisy free and noisy data.

Keywords Unknown diffusion coefficient · Coefficient identification ·
Coarse-fine grid algorithm · Noisy data

1 Introduction

We consider the inverse problem of determining the unknown coefficient D(x) in the
diffusion equation:
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⎧
⎪⎨

⎪⎩

ut (x, t) = (D(x)ux (x, t))x , (x, t) ∈ �T :=
{
(x, t) ∈ R2 : 0 < x < L , 0 < t ≤ T

}
,

u(x, 0) = 0, x > 0,
u(0, t) = u0/zr , u(L , t) = 0, t ∈ (0, T ]

(1)

from the Neumann type measured output data (left flux)

ϕl(t) := −D(0)ux (0, t), t > 0. (2)

Here the functions u(x, t) and D(x) are defined to be the concentration of reduced
species and the diffusion coefficient. u0 > 0 is the initial concentration at the electrode
and zr is the valence of the reduced species. The function ϕl(t) represents the flux at
the electrode surface and is assumed to be the measured output data. In this context the
parabolic problem (1) will be referred as a direct (forward) problem, with the inputs
u0, zr and D(x).

Let u = u(x, t; D) be the solution of the direct problem (1), corresponding to the
given coefficient D(x). Then the function ϕls(t) := −D(0)ux (0, t; D)will be defined
as the synthetic output data [1,2].

Most widely used methods for identifying the unknown diffusion coefficient from
the measured output data are defined to be output least squares (OLS) [3–5]. Here the
measured over specifications are used to define an error functional by using an appro-
priate norm. An approximate solution of the inverse problem (1, 2) is then defined
as a solution of a minimization problem for this functional over the set of admissible
coefficients. Since the relationship between the inputs and outputs is expressed only
indirectly through the solver, general information about the input-output mapping is
not readily available by OLS methods.

The second class of methods for the coefficient identification problem is defined
to be an equation error method [6–8]. Here the measured overspecifications are used
as input to the differential equation in the direct problem, and then this problem is
reformulated as an equation with respect to the unknown coefficient D(x). This equa-
tion expresses a direct relationship between the values of the unknown coefficient
and measured data. Since this relationship is problem dependent and frequently quite
complicated, it is not easy find out from it properties of the input-output mappings.

The adjoint problem approach, proposed in [2,9–12] for the coefficient identifica-
tion problems related to linear and nonlinear parabolic equations, is based on appropri-
ate adjoint problems corresponding to a given direct problem. In each case of boundary
conditions different integral relationships can be obtained between the solution of the
direct and adjoint problems. These relationships, first of all, permit one to derive the
gradient �J (D) of the cost functional J (D) as the scalar product (ux , ψx )L2[0,T ] of
the gradients ux (x, t) andψx (x, t) of solutions of the direct and adjoint problems (see,
[1], formula (31) ). On the other hand, the obtained integral identities allow to prove
the monotonicity and then invertibility of the input-output mapping. Further analysis
show that these integral relationships also compose the computational framework of
the coefficient identification problems.

In this paper the numerical implementation of the adjoint problem approach is
presented for the inverse coefficient problem related to the pure diffusive model of
chronoamperometry. It is shown that the integral identitiy, relating the direct problem
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(1) and the corresponding adjoint problem becomes important tool for the numerical
solution of the inverse problem of determining the unknown coefficient D(x). Since
the considered inverse problem is severely ill-conditioned, a coarse grid is used for
interpolation of the unknown diffusion coefficient D(x) to achieve the stability of
the numerical solution. At the same time, fine grid is used to increase an accuracy of
the direct/adjoint problems solutions. Thus modifying the coarse-fine grid algorithm,
given in [2], an effective compromise between the accuracy and stability of the inverse
problem is demonstrated.

The paper is organized as follows. In Sect. 2 discretization of the integral identit-
iy, relating the direct problem (1) and the corresponding adjoint problem, is given.
Ill-conditioned nature of the inverse problem with outlines of the coarse-fine grid
algorithm are described in Sect. 3. Numerical test examples with synthetic output data
are presented in Sect. 4. Computational experiments related to identification of the
unknown diffusion coefficient and numerical results for noise free and noisy output
data are given in the final Sect. 5.

2 Discretization of the integral identitiy relating the direct
and adjoint problems

Let u1 = u(x, t; D1) and u2 = u(x, t; D2) be two solutions of the direct problem (1)
corresponding to the given coefficients D1(x) and D2(x), with �D(x) = D1(x) −
D2(x). Then the synthetic output data ϕ( j)

ls (t) := −D j (0)ux (0, t; D j ), j = 1, 2,
corresponding to these solutions, satisfy the following integral identity [1]:

∫ ∫

�τ

�D(x)u2x (x, t)ψx (x, t)dxdt =
τ∫

0

p(t)�ϕo(t)dt, τ ∈ (0, T ], (3)

where �ϕls(t) = ϕ
(1)
ls (t) − ϕ

(2)
ls (t), and the function ψ(x, t) = ψ(x, t; p) is the

solution of the adjoint problem

⎧
⎨

⎩

ψt + (D1(x)ψx )x = 0, (x, t) ∈ �τ := {(x, t) ∈ (0, L)× [0, τ )},
ψ(x, τ ) = 0, x ∈ (0, L),
ψ(0, t) = p(t), ψ(L , t) = 0, t ∈ [0, τ ),

(4)

with arbitrary Dirichlet data p(t) ∈ L2[0, τ ), which will be defined below.
Evidently the backward parabolic problem (4) is a well-posed one, which can be

easily verified by the change of time variable η = τ − t .
For the discretization of the integral Eq. (3) with respect to the unknown coefficient

D(x), the following piecewise-linear approximation

DI (x) = D0(x)+
Nc∑

m=1

dmλm(x), 0 ≤ x ≤ L (5)
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Fig. 1 Coarse grid approximation of the unknown coefficient D(x)

is proposed on the coarse space grid W H := {
xc

m ∈ [0, L] : xc
0 = 0, xc

m = mhc,

m = 1, Nc + 1, hc = L/(Nc + 1)
}
. Here

λm(x) =

⎧
⎪⎨

⎪⎩

(
x − xc

m−1

)
/
(
xc

m − xc
m−1

)
, x ∈ [

xc
m−1, xc

m

]
,

(
xc

m+1 − x
)
/
(
xc

m+1 − xc
m

)
, x ∈ [

xc
m, xc

m+1

]
,

0, x /∈ [
xc

m−1, xc
m+1

]
, m = 1, Nc

is the “fine” Lagrange type of piecewise-linear functions (Fig. 1b).
The function D(0)(x) = (1 − x/L)D(0) + (D(L)/L)x, x ∈ [0, L] is the linear

polynomial, defined by the values D(0) and D(1) of the coefficient. These values can
be defined via the the Green functions for the parabolic equations ut = D(0)uxx and
ut = D(L)uxx [2].

The parameters dm in (5) are defined to be the difference between the values of the
interpolant DI (x) and the linear function D(0)(x) at the coarse grid points xc

m ∈ Whc :
dm = DI

(
xc

m

) − D(0)
(
xc

m

)
,m = 1, Nc.

Since integral Eq. (3) is a nonlinear one, the interpolant DI (x)will be reconstructed
by the iteration process, which will be organized starting from the first coarse grid point
xc

1, as follows:
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D(m)(x) = D(0)(x)+
m−1∑

l=1

dlλl(x)+ dm Lm(x), 0 ≤ x ≤ L , m = 1, Nc. (6)

Here

Lm(x) =

⎧
⎪⎨

⎪⎩

(
x − xc

m−1

)
/
(
xc

m − xc
m−1

)
, x ∈ [

xc
m−1, xc

m

]
,

(L − x)/
(
L − xc

m

)
, x ∈ [

xc
m, L

]
,

0, x ∈ [
0, xc

m−1

]
, m = 1, Nc

is the “coarse” Lagrange type piecewise-linear functions (Fig. 1a, b). To see the role
of these functions, let us assume m = 1 in (6). Then we have:

D(1)(x) = D(0)(x)+ d1L1(x), 0 ≤ x ≤ L .

Substituting here x = xc
1 and taking into account L1(xc

1) = 1 we obtain: d1 =
D(1)(xc

1) − D(0)(xc
1). By the same way we may conclude that dm = D(m)(xc

m) −
D(0)(xc

m). Hence the parameter dm,m = 1, 2, . . . , Nc means the difference between
the values of the mth iteration D(m)(x) and the initial iteration D(0)(x) at the coarse
grid point xc

m ∈ Whc . This iteration process is defined to be the coarse grid iteration
process. Since λNc(x) = L Nc(x), as a result of applying Nc times the coarse grid iter-
ation process the piecewise linear approximation DI (x) := D(Nc)(x) of the unknown
coefficient D(x) will be obtained in the form of interpolant (5).

3 Ill-posedness of the inverse problem. The coarse-fine grid algorithm

It is well-known that coefficient inverse problems for parabolic equations are severely
ill-posed ones (see, [2] and references therein). To illustrate this distingushed feature of
the considered inverse problem consider the following example. Figure 2 illustrates the
two synthetic output data ϕo

i (t) := Di (0)uix (0, t; Di ), i = 1, 2 corresponding to the
different diffusion coefficients D1(x) = 10 + (x − 1)2 and D2(x) = 20 + (x − 1)2.
Although these output data are very close, the corresponding diffusion coefficients
Di (x) are different enough. This result illustrates severely ill-conditionedness of the
considered coefficient inverse problem. In particular, this implies the necessity of the
use of a coarse grid for approximation of the unknown diffusion coefficient.

The integral identity (3) will be used at each mth step of the coarse grid iteration
process. According to this iteration process the function D(m−1)(x) is assumed to be
known at mth step. Hence assuming D(m)(x) and D(m−1)(x) in (3), instead of D1(x)
and D2(x), accordingly, we get:

123



J Math Chem (2010) 48:508–520 513

0 2 4
5

10

15

20

25

30

35

x

D
iff

us
io

n
Diffusion Function

0 0.5 1

−30

−20

−10

0

10

t

F
lu

x

Synthetic Output Data

D
1
(0)u

x
(0,t;D

1
)

D
2
(0)u

x
(0,t;D

2
)

D
1
(x)

D
2
(x)

Fig. 2 Ill-posedness of the inverse problem: two close synthetic output data ϕ(i)ls (t) := Di (0)uix (0,
t; Di ), i = 1, 2, correspond to different diffusion coefficients Di (x)

∫ ∫

�τc
m

�D(m)(x)ux

(
x, t; D(m−1)

)
ψx

(
x, t; D(m)

)
dxdt

=
τ c

m∫

0

pm(t)�ϕ
(m)
ls (t)dt, (7)

where u
(
x, t; D(m)

)
is the solution of the direct problem (1) corresponding to the

coefficient D(m)(x),�D(m)(x) = D(m)(x)− D(m−1)(x) and �ϕ(m)ls (t) = ϕ
(m)
ls (t)−

ϕ
(m−1)
ls (t), ϕ(m)ls (t) = −D(m)(0)ux

(
0, t; D(m)

)
.

Equation (7) is a nonlinear integro-differential equation with respect to the unknown
function D(m)(x). The final time τ = τ c

m here is taken to be the grid point of the uniform
coarse time grid

WT c := {
τ c

m ∈ (0, T ] : τ c
0 = 0, τ c

m = mTc, m = 1, Nc + 1, Tc = T/(Nc + 1)
}
,

which has the same number of points with the coarse space grid W hc . The function
ψ

(
x, t; D(m)

)
on the left hand side of (7) is the solution of the following adjoint

problem
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⎧
⎨

⎩

ψt + (D(m)(x)ψx )x = 0, (x, t) ∈ (0, L)× [0, τ c
m),

ψ(x, τ ) = 0, x ∈ (0, L),
ψ(0, t) = pm(t), ψ(L , t) = 0, t ∈ [0, τ c

m),

(8)

with

pm(t) =
{

1, 0 ≤ t ≤ τ c
m−1,(

τ c
m − t

)
/
(
τ c

m − τ c
m−1

)
, τ c

m−1 ≤ t ≤ τ c
m .

We require that the function D(m)(x) (i.e. the mth iteration) is the solution of the
inverse problem (1,2), which means D(m)(0)u

(
0, t; D(m)

) = ϕ(t), i.e. the output

data ϕ(m)ls (t) := D(m)(0)u
(
0, t; D(m)

)
corresponding to mth iteration coincides with

the measured output data ϕ(t). This requirement implies that �ϕ(m)ls (t) = ϕl(t) −
ϕ
(m−1)
ls (t) in the integral Eq. (7), where ϕl(t) is the noise free measured output data.

Let us transform now the nonlinear Eq. (7). Taking into account (6) we may rewrite
the term �D(m)(x) = D(m)(x) − D(m−1)(x) in the form �D(m)(x) = [λm−1(x) −
Lm−1(x)]dm−1 + Lm(x)dm,m = 2, 3, . . . , Nc. Note that for m = 1,�D1(x) =
d1L1(x). Substituting this in (7) we obtain the following nonlinear algebraic equation
with respect to the unknown parameter dm :

Mm(dm)dm + Nm(dm) = lm, m = 1, 2, . . . , Nc. (9)

Here the nonlinear functionals Mm = Mm(dm),Nm = Nm(dm) and the right hand
side lm are defined by the following integrals:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

Mm(dm) =
τ c

m∫

0

L∫

0
Lm(x)ux

(
x, t; D(m−1)

)
ψx

(
x, t; D(m)

)
dxdt,

Nm(dm) = dm−1

τ c
m∫

0

L∫

0
[λm−1(x)− Lm−1(x)]ux

(
x, t; D(m−1)

)
ψx

(
x, t; D(m)

)
dxdt,

lm =
τ c

m∫

0
pm(t)�ϕ

(m)
ls (t)dt.

(10)

Therefore, at the mth step of the coarse grid iteration process, one needs to solve the
nonlinear Eq. (9) in the domain�τ c

m
:= (0, L)× (0, τ c

m], with respect to the unknown
parameter dm . Due to nonlinearity of this equation, the series of adjoint problems (8)
needs to be solved at each iteration, as the term ψx

(
x, t; D(m)

)
in (10) shows. At the

same time, the term ux
(
x, t; D(m−1)

)
in (10) shows that at each step of the coarse grid

iteration process the forward problem (1), with already found coefficient D(m−1)(x)
needs to be solved in �τ c

m
only once. For the numerical solution of the both parabolic

problems we introduce the following uniform fine space wh := ∪mw
(m)
h and time

wτ := ∪mw
(m)
τ grids, with the grid points x f

i ∈ wh, τ
f
j ∈ wτ and the grid steps

h f = (
xc

m+1 − xc
m

)
/(N − 1), τ f = (

τ c
m+1 − τ c

m

)
/(M − 1), respectively. These grids

consist of the following uniform sub-grids (Fig. 3)
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w
(m)
h : =

{
x f

i ∈ [
xc

m, xc
m+1

] : x (m)i = xc
m + (i − 1)h f , i = (m − 1)N ,m N

}
,

w(m)τ : =
{
τ

f
j ∈ [

τ c
m, τ

c
m+1

] : τ f
j = τ c

m + ( j − 1)τ f , j = (m − 1)M + 1,m M
}
.

The second iteration process needs to be constructed for the numerical solution of
the adjoint problem (8) due to the dependence of the solution ψ = ψ

(
x, t; D(m)

)

on the unknown coefficient D(m)(x). Thus at the mth step of the coarse grid iteration
process the nonlinear algebraic Eq. (9) requires the numerical solution of the forward
and backward parabolic problems, on the fine grid whτ := wh × wτ . This iteration
process will be defined as the fine grid iteration process.

4 Numerical solution of the nonlinear equation (9) and synthetic output data
generation

The following simple iteration algorithm is used for linearization of the the nonlinear
algebraic Eq. (9):

Mm

(
d(n−1)

m

)
d(n)m + Nm

(
d(n−1)

m

)
= lm, m = 1, 2, . . . , Nc . (11)

Linearization (11) and formulas (10) show that the direct and adjoint problem solu-
tions play an important role in this algorithm. Moreover, as mentioned above, due to
the presence of the term ϕx

(
x, t; D(m)

)
on the right hand side of (10), the adjoint

problem needs to be solved at each step of the fine grid iteration process, although the
direct problem needs to be solved once. Hence an accuracy of the reconstruction of
the unknown coefficient highly depends on the accuracy of the numerical solution of
the adjoint problem (8).

For the numerical solution of the forward and adjoint problems the following
implicit finite difference scheme is used:

y j+1
i − y j

i

τ f
= 1

h f

(

D̃i+1
y j+1

i+1 − y j+1
i

h f
− D̃i

y j+1
i − y j+1

i−1

h f

)

, (xi , t j ) ∈ whτ ,

(12)
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where y j
i is the approximate numerical value of u(xi , t j ) : y j

i = uh(xi , t j ). Rewriting
this scheme in the form

τ f D̃i y j+1
i−1 −

[
τ f

(
D̃i+1 + D̃i

)
+ h2

f

]
y j+1

i + τ f D̃i+1 y j+1
i+1 = −h2

f y j
i

and introducing the coefficients ai = τ f D̃i , bi = τ f D̃i+1, ci = τ f

(
D̃i+1 + D̃i

)
+

h2
f , we observe that the solvability conditions

ai > 0, bi > 0, ci − (ai + bi ) = h2
f > 0

hold. Here D̃i is the value D̃(xi ) of the corresponding (at each iteration) interpolant
of D(x) at the fine grid point x f

i . The implicit scheme (12) is stable, conservative and

has an the order of approximation O
(

h2
f + τ f

)
on the piecewise uniform fine grid

whτ [13].
To analyze an effectiveness of the proposed approach, as well as to generate the

synthetic noisy free output data (2), first we consider the forward problem (1) with
the following four types of diffusion coefficients: monotone increasing/decreasing
concave (D′′(x) < 0), and monotone increasing/decreasing convex (D′′(x) > 0)
functions cases. These coefficients are taken to be D(x) = 10 − x2/4, D(x) =
20− (x −4)2, D(x) = 10+ (x −4)2 and D(x) = 10+ (x −1)2, in the computational
experiments below. The numerical values of these coefficients are plotted in Fig. 4,
by the points. ��

The forward problem (1), with these coefficients, and with the following physical
and geometric parameters u0 = 1, zr = 2, L = 4, T = 1, is solved by using scheme
(12). Two type of optimal fine grid parameters

〈
h f , τ f

〉 = 〈
2.96 × 10−2, 4.40 × 10−3

〉

and
〈
h f , τ f

〉 = 〈
1.78 × 10−2, 2.80 × 10−3

〉
are used for numerical solution of forward

and adjoint problems. The synthetic output data ϕls(t) := −D(0)ux (0, t; D(0)) are
generated from the numerical solutions of corresponding forward problems, with the
above given coefficients. These synthetic output data are then used as a measured
output data (2), for the inverse problems, for determination each of the unknown coef-
ficients. Numerical results obtained by using the linearized Eq. (9) for the coarse grid
parameters Nc = 6 and Nc = 8 are plotted in Fig. 4 (the lines − • − and piecewise
linear broken lines −◦− lines, respectively). The results are close, as the figures show.
Next increase of the coarse grid parameter Nc does not lead to essential increase of
the relative error defined to be εD = ‖(D − DI )/D‖∞, as Table 1 shows. Here D(x)
and DI (x) are exact and numerically reconstructed coefficients, respectively. These
results show that the accuracy of the proposed algorithm is high enough.

5 Computational results for noise free and noisy output data

Consider now the inverse problem with noise free (ϕlh(t)) and noisy (ϕ̃lh(t) = ϕlh(t)+
γ ϕlh(t)) synthetic flux data, where γ is the noise parameter. In all examples below
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Fig. 4 Exact and reconstructed diffusion coefficients

Table 1 Relative errors εD corresponding to the fine and coarse grid paramaters four types of reconstructed
coefficients

Fine grid parameters h f = 2.96 × 10−2 h f = 1.78 × 10−2

τ f = 4.4 × 10−3 τ f = 2.8 × 10−3

Coarse grid parameters Nc = 8 Nc = 16 Nc = 8 Nc = 16

D(x) = 10 − x2/4 1.55 × 10−2 2.01 × 10−2 1.18 × 10−2 1.75 × 10−2

D(x) = 20 − (x − 4)2 1.10 × 10−1 7.85 × 10−2 8.04 × 10−2 6.96 × 10−2

D(x) = 10 + (x − 4)2 5.68 × 10−2 6.69 × 10−2 5.10 × 10−2 6.10 × 10−2

D(x) = 10 + (x − 1)2 5.51 × 10−2 7.52 × 10−2 4.04 × 10−2 6.50 × 10−2

the noise free data ϕlh(t) is generated from the numerical solution of the forward
problem (1) for the given diffusion coefficient D(x). Note that the noise free output
data ϕlh(t) contains a computational noise. The numerical experiments are realized
for the following optimal fine grid parameters: h f = 2.86×10−2, τ f = 0.48×10−2.

As a first example consider the problem of reconstruction of the strong concave
coefficient D(x) = 3 + 2 sin(0.4πx) from the noise free and noisy data, by taking
the following values of the noise parameter: γ = 1%; 3%. Figure 5a illustrates the
reconstructed diffusion coefficient D(x) from noise free and noisy data flux data. This
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Fig. 5 Reconstruction of the concave (D(x) = 3 + 2 sin(0.4πx)) and convex
(

D(x) = 3 + (x − 2)2
)

function, from the noise free and noisy flux data

Table 2 Relative errors εγ corresponding to the two types of reconstructed coefficients

Coefficient Noise free γ1 = 0.01 γ2 = 0.03

D(x) = 3 + 2 sin(0.4πx) 4.06 × 10−1 2.97 × 10−1 5.21 × 10−1

D(x) = 3 + (x − 2)2 1.58 × 10−1 1.57 × 10−1 1.78 × 10−1

figure also show the sensitivity of the inverse problem solution with respect to the
noisy data and gradient of the reconstructed coeficient. This sensitivity can also be
observed from the Table 2. Specifically, the maximum detoriation arises in the interval
between the second and third coarse grid points, where the increase of the gradient
D′(x) is high, as Fig. 5a shows.

In the second numerical example the inverse problem of reconstruction of the
convex coefficient D(x) = 3 + (x − 2)2 from the noise free and noisy data is
considered for the same values γ = 1%; 3% of the noise parameter. Figure 5b
illustrates the reconstructed diffusion coefficient. Summarizing this and the above
resulys, we may conclude that in the both cases the reconstructions are satisfactory
for the values γ = 1%; 3% of the noise parameter. Relative errors, defined to be
εγ = ‖(D − Dγ )/D‖∞, and corresponding to these cases are given in Table 2.
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Fig. 6 Reconstruction of piecewise constant diffusion coefficients from noise free and noisy flux data

It is known that distances between closest cations and anions in lattice are quite
different (see, [14]). This, in particular means that the diffusion coefficient not olny
depends on the space variable x > 0, but also may have a character of a piecewise
constant function. This case is modelled by the following two discontinuous diffusion
coefficients:

D(x) =
⎧
⎨

⎩

10, if 0 ≤ x ≤ 1.75,
6, if 1.75 < x ≤ 3.5,
2, if 3.5 < x ≤ 5;

D(x) =

⎧
⎪⎪⎨

⎪⎪⎩

10, if 0 ≤ x ≤ 1.25,
8, if 1.25 < x ≤ 2.5,
6, if 2.5 ≤ x ≤ 3.75,
4, if 3.75 < x ≤ 5.

(13)

The first function, having the jump [D] = 4, consists of three different constants
(layered medium), and the second one, having the smaller jump [D] = 2, consists of
four different constants. Figure 6 illustrate the reconstructed diffusion coefficients on
two different coarse grids with the grid parameters Nc = 11 and Nc = 18. The relative
errors corresponding to the first function are εD = 5.41×10−1, when Nc = 11, εD =
6.12 × 10−1, when Nc = 18, and for the second function εD = 1.71 × 10−1, when
Nc = 11, and εD = 1.67 × 10−1, when Nc = 18. Hence these errors increase by
increasing the jump. These results show that the proposed algorithm is also applicable
for reconstruction of discontinuous diffusion coefficients.
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6 Conclusion

The numerical solution of the inverse problem of determining the unknown diffusion
coefficient, based on measured output (flux) data, is proposed. The algorithm of the
method is based on coarse-fine grids combination, which permits one to guarantee
an optimal compromise between the accuracy of the forward/adjoint problem, and
stability of the severely ill-posed inverse problem. An optimal grid parameters are
established for both fine and coarse grids. An efectiveness of the proposed approach
is demonstrated on various computational experiments with noise free and noisy flux
data. Numerical results show that the proposed algorithm is applicable for reconstruc-
tion of the diffusion coefficient not only in the class of continuous functions, but also
in the class of discontinuous (piecewise constant) functions.
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